Abstract. In this paper we introduce a new way of deforming convolution algebras and Fourier algebras on locally compact groups. We demonstrate that this new deformation allows us to reveal some informations of the underlying groups by examinining Banach algebra properties of deformed algebras. More precisely, we focus on representability as an operator algebra of deformed convolution algebras on compact connected Lie groups with connection to the real dimension of the underlying group. Similary, we investigate complete representability as an operator algebra of deformed Fourier algebras on some finitely generated discrete groups with connection to the growth rate of the group.
Introduction
For a locally compact group G it has been a long tradition to investigate its associated Banach algebras, namely the convolution algebra L 1 (G) and the Fourier algebra A(G), in the hope that we could find connections between Banach algebraic properties of L 1 (G) (or A(G)) and the group properties of G. This line of research is based on the fundamental result of Wendel ([23] ) (resp. Walter ([22] )) saying that for two locally compact groups G and H, the algebras L 1 (G) and L 1 (H) (resp. A(G) and A(H)) are isometrically isomorphic if and only if G and H are isomorphic as topological groups. Of course, making concrete connections between two objects is a completely different task, and here is one of the most succesful examples of such connections. The celebrated results by B.E. Johnson ([11] ) and Z.-J. Ruan ([18] ) tell us that L 1 (G) is amenable as a Banach algebra if and only if G is amenable if and only if A(G) is operator amenable as a completely contractive Banach algebra. Recall that G is called amenable if L ∞ (G) has a left invariant mean and a (completely contractive) Banach algebra A is called (operator) amenable if every (completely) bounded derivation D : A → X * for any (operator) A-bimodule X is inner (i.e. there is φ ∈ X * such that D(a) = φ · a − a · φ, a ∈ A). The list of such connections continues, but at the same time there certainly are limitations. One of the attempts we could try at this moment is to consider modified versions of L 1 (G) and A(G) expecting further connections between group properties and Banach algebraic properties. The construction of weighted convolution algebras begins with a choice of Borel measurable (or continuous) weight function w : G → (0, ∞) which is sub-multiplicative (i.e. w(xy) ≤ w(x)w(y), x, y ∈ G a.e.) Now we consider the weighted L 1 space are obtained by modifying the norm structure via multiplying the weight function when we calculate the L 1 -norm but essentially keeping the same algebra multiplication, which is convolution in this case. As is expected there are results establishing connections between weighted algebras and the groups. Recall that a Banach algebra A is called representable as an operator algebra if there is an operator algebra B (i.e. a closed subalgebra of B(H) for some Hilbert space H) and a bijective bounded isomorphism T : A → B with bounded inverse T −1 . We define complete representability as an operator algebra of a completely contractive Banach algebra similarly. In [14] it is proved that ℓ 1 (G, ω β ) is representable as an operator algebra if β > k0+1 2 , where G is a finitely generated discrete group with polynomial growth of order k 0 . Note that weighted convolution algebras, in general, have been studied extensively. See [8, 3] and the references therein, for example.
The corresponding story for Fourier algebras has begun quite recently by Ludwig/Spronk/Turowska ( [15] ) and Lee/Samei ( [13] ). Weighted Fourier algebras follow the same philosophy of modification with more involved technicalities, and there are results connecting Banach algebraic properties and group properties. In [9] it is proved that for a compact connected Lie group G the weighted Fourier algebra A(G, w) is completely representable as an operator algebra if w is a "polynomially growing weight" whose growth of order is strictly greater than
2 , where d(G) is the real dimension of the Lie group G. These results show us that group informations of G such as polynomial growth rate or real Lie group dimension are reflected in weighted convolution (Fourier) algebras.
The current paper deals with a different way of modifying L 1 (G) and A(G). The main difference from weighted versions is that we would like to multiply a certain fixed "function" to the Fourier transform of the given function. Suppose for the moment that G is abelian and consider a Borel measurable w : G → (0, ∞), where G is the dual group of G. Then, we define the deformed L 1 -norm by
In other words we are looking at the map
and |||f ||| = ||g|| L 1 (G) with f = Φ(g). Of course, we want Φ to be well-defined and bounded, which means that Φ is nothing but a (Fourier) multiplier on L 1 (G). From a classical result on multipliers on L 1 (G) we know that there must be a complex
This informal observation suggests us the deformed
. This definition can be easily extended to the case of general locally compact groups. The case of deformed Fourier algebra follows the same idea, so that we begin with an element in the multiplier algebra M cb A(G). See the detailed rigorous definitions in Section 3.
Given the above new deformations we would like to focus again on (complete) representability as an operator algebra expecting that we could extract similar informations on the underlying groups. Indeed, we prove the following results in this paper. Let G is a compact connected Lie group and ν α is the probability measure whose Fourier coefficients are polynomially decreasing of order α on G (see Section 4.2 for the precise definitions). We also have a corresponding result for the dual setting. Let G be a finitely generated discrete group belonging to a certain class of groups (more precisely, G is either Z n , a Coxeter group, or a hyperbolic group). Let W α and w t be the functions in M cb A(G) decreasing polynomially of order α and exponentially, respectively, with respect to the canonical word length function. See Section 5.1 for the precise definition. Then we have the following result.
Theorem B. Let G be a discrete group described in the above.
(1) Suppose G is of polynomial growth of order k 0 . The algebra A Wα (G) is completely representable as an operator algebra if and only if α > k0 2 . (2) Suppose that G is exponential growing with the growth rate λ. The algebra A wt (G) is completely representable as an operator algebra if t > log λ 2 and A wt (G) is not completely representable as an operator algebra if t < log λ
.
These results also show us that the polynomial (or exponential) growth rate of some finitely generated groups and the real dimension of compact connected Lie groups can be precisely detected by examining complete representability as an operator algebra of the corresponding deformed algebras.
There are a few advantages of new deformations compared to the weighted versions. First, some informations on the groups can be precisely detected as the above theorems, whilst we only have partial results in the theory of weighted algebras ( [9, 14] ). Secondly, new deformations can be applied for arbitrary locally compact groups in contrast to fact that the weighted versions had some limitations on the choice of groups. For example, when G is compact the weighted convolution algebra L 1 (G, w) is isomorphic to L 1 (G) as Banach algebras since every weight function w is known to be ([12, Lemma 1.3.3]) bounded and bounded away from zero (in other words, equivalent to the constant 1 function). For the same reason weighted Fourier algebras on discrete groups have never been investigated. However, we do not have this restriction for L 1 µ (G) and A w (G). In this paper we usually focus on the compact G for L 1 µ (G) and discrete G for A w (G), but the general case will be discussed in a subsequent paper. This paper is organized as follows. In Section 2 we collect some preliminaries we need. In Section 3 we define deformed algebras L 1 µ (G) and A w (G) for a locally compact group G. In Section 4 we focus on L 1 µ (G) for a compact group G and prove that representability as an operator algebra is closely related to the square-integrability of the deformation measure µ. Moreover, we apply this to establish connections between representability as an operator algebra of L 1 µ (G) and the dimension of G when G is a compact connected Lie group. In Section 5 we turn our attetion to the case of A w (G) for discrete groups. We also prove a general result saying that representability as an operator algebra is equivalent to the square-summability of the deformation function w. We apply this to a certain class of finitely generated groups and show that complete representability as an operator algebra of A w (G) is closely related to the growth rate of G.
Preliminaries
2.1. Operator spaces. We will assume that the reader is familiar with standard operator space theory including injective, projective and Haggerup tensor products of operator spaces, whcih we denote by ⊗ min , ⊗ and ⊗ h , respectively. We will also frequently use a dual version of Haagerup tensor product, namely the extended Haggerup tensor product. The extended Haggerup tensor product of dual operator 3 spaces E * and F * will be denoted by
which is given by (E ⊗ h F ) * in [2] . There are several characterizations of ⊗ eh , but we will only be using the following two aspects. First, for X ∈ M n (E * ⊗ eh F * ) we have,
where the minimums runs over all possibile factorization satisfying X = A ⊙ B with A ∈ M n,I (E * ) and B ∈ M I,n (F * ) and ⊙ is the Haagerup product given by 
where CB σ (B(H), B(H)) refers to the space of all w * -w * -continous completely bounded maps and T A,B (X) = AXB, X ∈ B(H).
A Banach algebra A with the algebra multiplication map
where ⊗ γ is the projective tensor product of Banach spaces, is called a completely contractive Banach algebra if A is endowed with an operator space structure and the map m extends to a complete contraction
Note that any operator algebra carries a natural operator space structure, which makes it a completely contractive Banach algebra. Operator algebras form a quite distinctive class of completely contractive Banach algebras. In the category of completely contractive Banach algebras we have the following characterization of operator algebras by Blecher ([1]).
Theorem 2.1. Let A be a completely contractive Banach algebra with the algebra multiplication m : A ⊗A → A.
Then, A is completely representable as an operator algebra if and only if the multiplication map extends to a completely bounded map
2.2.
Relevant spaces in abstract harmonic analysis. Let G be a locally compact group and we denote the convolution algebra and the measure algebra of G with
Moreover, it is also known that the multiplier algebra
Let P (G) be the set of all continuous positive definite functions on G and let B(G) be its linear span. The space B(G) can be identified with the dual of the full group C * -algebra C * (G), which is the completion of L 1 (G) under its largest C * -norm. The space B(G) with the pointwise multiplication and the dual norm is a commutative Banach algebra. The Fourier algebra A(G) is the closure of B(G) ∩ C c (G) in B(G). It was shown in [5] that A(G) is a commutative Banach algebra which is a 2-sided closed ideal in B(G). Thus, any element w ∈ B(G) gives rise to a multiplier on A(G), but we actually have more multipliers. Recall that a function w on G is called a multiplier on A(G) if w · A(G) ⊆ A(G). Then we have the following multiplier
which is automatically bounded. We denote the collection of all multipliers on A(G) by M A(G). We define the space of all cb-multipliers M cb A(G) by
Both of the spaces are clearly commutative Banach algebras with respect to pointwise multiplication and we have the following inclusions
Let G be a compact group. Then any element µ ∈ M (G) can be understood through its Fourier coefficients ( µ(π)) π∈ G , where G is the equivalence class of irreducible unitary representations on G and
We use the notation
which comes from the Fourier inversion formula saying that
. When G is a discrete group we use a similar notation. Recall the translation operators λ g , g ∈ G on ℓ 2 (G) given by λ(g)(δ x ) = δ gx , x ∈ G, where δ x is the point mass function on x. Now we consider the group von Neumann algebra V N (G), the von Neumann algebra generated by {λ g : g ∈ G} in B(ℓ 2 (G)). Let τ (·) be the vacuum state on V N (G) given by τ (·) = · δ e , δ e and L 2 (V N (G)) the associated L 2 -space which is the completion of V N (G) with respect to the inner product
We will use the same notation for elements in
Construction of deformed convolution algebras and Fourier algebras
Definition 3.1. Let µ ∈ M (G) and w ∈ M cb A(G) are norm 1 elements such that the corresponding multipliers M µ and M w are injective with dense range. We define the deformed spaces
with the norms || · || µ and || · || w given by
In this case we call µ and w by the deformation measure for L 1 µ (G) and the deformation function for A w (G), respectively. (1) The injectivity of the associated multipliers implies that the above norm formulas are well defined. (2) In this case we have natural onto isometries:
Proof. By applying the complete isometry Φ we get
which is clearly a complete contraction, so that we know m µ is also a complete contraction. The explanation for m w is the same. We record here the deformed mutiplication maps:
Remark 3.5. We can identify the algebras as completely contractive Banach algebras:
We end this section by describing the duality for the spaces L 
, which is equivalent to the fact that the following restriction map is injective.
. This is why we require M µ to have dense range, which is not so critical to the main results in this paper. Note that
Now we can readily check that
whereμ is the measure given by
Representability of the deformed convolution algebras on compact groups as operator algebras
In this section G is always a compact group.
4.1. The general case.
Lemma 4.1. Let µ ∈ M (G) with norm 1. Then the associated multiplier M µ is injective if and only if µ(π) is invertible for any π ∈ G. Moreover, in this case M µ has dense range automatically.
Proof. Note that L µ is also decomposed into a direct sum of operators acting on finite dimensional spaces. Then this is trivial.
In this section we will provide a chracterization of representatibility of the deformed algebra L 1 µ (G) as an operator algebra. For that purpose we focus on the equivalent algebra (L 1 (G), m µ ) with the dual perspective. Indeed, we can easily see that L 
. Here⊗ is the spatial tensor product of von Neumann algebras. We call the map ( m µ ) * , the deformed co-multiplication. We first need to know how the deformed co-multiplication ( m µ ) * acts on concrete elements of L ∞ (G).
In particular for f = π ij we have
whereπ is the conjugate representation of π and A is the matrix complex conjugate given by
In particular, for f = π ij we have
which gives us the desired conclusion.
We also need the following theorem by S. Helgason, which is a compact group generalization of a Littlewood's theorem.
Theorem 4.3. (Helgason [10])
Let A = (A π ) π∈ G be any family of matrices with A π ∈ M dπ . Suppose that the formal series
Here comes the main results of this section.
The converse is true when µ is central, i.e. µ(π) = c π I π for some c π for all π ∈ G. Moreover, the same holds in the category of Banach spaces.
where F (π) ij = ( f kl ) ij kl ∈ M n . Then by (4.1) we have
where A and B are row and column matrices, respectively, given as follows. For the index set J = {(π, j, k) :
For B we have
Note that we use unitarity of π for the second equality. Now combining the above two we get
which implies that ( m µ ) * is completely bounded with cb-norm ≤ ||µ|| L 2 (G) . For the converse direction we assume that L 1 µ (G) is completely representable as an operator algebra and µ is central with µ(π) = c π I π , π ∈ G. If we take any f ∈ L ∞ (G), then we have
f (π) ij π ij .
By (4.1) we also have
f (π) ij π ik ⊗ π kj .
Now we will use the embedding L
We can actually check T U is an isometry. Indeed, for any π ∈ G we have
where M f is the multiplication operator with respect to f , so that we have
Now we appeal to Theorem 4.3 to get the conclusion we wanted. The result in the Banach space category follows easily from the above calculation and [14, Theorem 2.8]. Note that [14, Theorem 2.8] deals with discrete groups but the same proof works for general locally compact groups.
The case of compact connected Lie groups and their real dimensions.
In this subsection we apply Theorem 4.4 in the case of compact connected Lie groups with the deformation measures coming from the Laplacian on the group. We will demonstrate that the representability of L 1 µ (G) can precisely detect the dimension of the group G.
Example 1.
Let Ω π = −κ π I π is the Casimir operator (in other words, Laplacian on G) for π ∈ G with κ π ≥ 0. Then, there is a family of probability measures µ t , t > 0 on G such that µ t (π) = e −tκπ I π .
Using µ t we could find probability measures with polynomially decreasing Fourier coefficients by a standard argument. For α > 0 we recall the formula
where Γ(α) = ∞ 0 t α−1 e −t dt is the Gamma function. We define
Then, ν α is clearly a probability measure with
Now we recall some standard Lie theory we need. See [21] or [15, section 5] for the details. Let g be the Lie algebra of G with the decomposition g = z + g 1 , where z is the center of g and g 1 = [g, g]. Let t be a maximal abelian subalgebra of g 1 and T = expt. Then there are fundamental weights λ 1 , · · · , λ r , Λ 1 , · · · , Λ l ∈ g * with r = dimz and l = dimt such that any π ∈ G is in one-to-one correspondence with its associated highest weight
The 1-norm ||π|| 1 of π is given by
This 1-norm is known to be equivalent to √ κ π from the Casimir operator. More precisely, there are positive constants c 1 and c 2 independent of π such that ([21, Lemma 5.6.6])
Moreover, the following summability condition is known. Remark 4.7.
(1) The above theorem tells us that the representability of L 1 να (G) as an operator algebra precisely detects the dimension of the underlying group.
(2) The 1-norm is also known to be equivalent to the length function τ on G, which is given as follows. Let χ i be the character of G associated to the highest weight λ i and π j be the irreducible representation associated to the weight Λ j . It is well-known that S = {±χ i , π j :
Then, we have some constant C > 0 such that (see the proof of [15, Theorem 5.4] )
This justifies the statement that the quantity √ κ π describes the growth rate of G. 
Now we put U π = r π I π , where (r π ) π∈ G is an I.I.D. family of Bernoulli variables. We use cotype 2 condition of M (G) to get
for some constant C > 0, where χ π = Tr(π) = Tr(π t ) is the character function associated to π. Recall that a Banach space X is said to be of cotype 2 if there is a constant D > 0 such that
for any (x i ) ⊆ X and an I.I.D. family of Bernoulli variables (r i ). Note that the dual of a C * -algebra is known to be of cotype 2 ( [7] ) and M (G) ∼ = C 0 (G) * . We finally note that that there is a constant C ′ > 0 such that
, which leads us to the conlusion we wanted.
Representability of the deformed Fourier algebras on discrete groups as operator algebras
In this section G is always a discrete group.
Lemma 5.1. Let w ∈ M cb A(G) with norm 1. Then the associated multiplier L w is injective with dense range if and only if w has no zero value.
Proof. Suppose that w has no zero value, then L w has dense range since the image of L w contains {δ x : x ∈ G}, which is dense in A(G). The injectivity of L w is clear. Conversely, if L w is injective (with dense range), then w(x)δ x = 0 for all x ∈ G, so that w(x) = 0 for all x ∈ G.
In this section we will provide a characterization of complete representatibility of the deformed algebra A w (G) as an operator algebra. As before we focus on the equivalent algebra (A(G), m w ) with the dual perspective. Indeed, we can easily see that A w (G) is completely representable as an operator algebra if and only if the map ( m w )
extends to a completely bounded map ( m w )
We call the map ( m w ) * , the deformed co-multiplication as before. This time it is quite straight forward to see how ( m w ) * acts on concrete elements of V N (G), so we just record it without proof.
For the negative direction of our main result we need the following Lemma, which is a direct consequence of Lust-Piquard's non-commutative version of KahaneKatznelson-de Leeuw's coefficient problem.
Lemma 5.3. Let τ (·) = · δ e , δ e be the vacuum state on V N (G). There is a constant K > 0 such that for any (c g ) ∈ ℓ 2 (G) with norm ≤ 1 there exist T ∈ V N (G) with norm ≤ K such that
Proof. Fix a sequence (c g ) g∈G with g |c g | 2 ≤ 1 and set A g = c g λ g . Here, we may assume that the index set of sequence is countable. Then, the sequence (A g ) satisfies the conditions (i) and (ii) in [16, Theorem 4] . More precisely, for
Moreover, we have
By [16, Theorem 4] there is T ∈ V N (G) with norm ≤ K such that
which is the conclusion we wanted.
Here comes the main result of this section.
Theorem 5.4. The deformed algebra A w (G) is completely representable as an operator algebra if and only if w ∈ ℓ 2 (G).
Proof. We first check the positive direction. Suppose that
with A g ∈ M n . Then, we have
Now we have A ∈ M G (M n (V N (G))) and
Moreover we have B ∈ M G (M n (V N (G))) and
Finally we observe that ||
Indeed, let τ (·) = · δ e , δ e be the vacuum state. Then we have
Combining all the above we get
For the converse direction we let T ∼ g∈G α g λ g ∈ V N (G). Moreover, we set X r ∈ B(ℓ 2 (G)) by X r (δ g ) = r g δ g −1 , g ∈ G where r g ∈ C with |r g | = 1, g ∈ G. Then, we have
Recall that a finitely generated group with a fixed generating set S is said to be polynomially growing if there is a constant C > 0 and k > 0 such that
where B(n) = {g ∈ G : |g| ≤ n} is the n-ball. Recall also that the infimum k 0 of such k is called the order of the polynomial growth of G or the growth rate of G. Moreover, G is said to be exponentially growing if there is a constant a > 1 such that |B(n)| ≥ a n , n ≥ 0.
The exponential growh rate of G with respect to S is defined by Remark 5.6.
(1) For the group G of polynomial growth, it is well known that k 0 has to be a natural number and |B(n)| ∼ n k0 , n ≥ 0, i.e. there are constants C 1 , C 2 > 0 such that
(2) The polynomial growth rate k 0 of G is known to be independent of the choice of the generating set S. (3) Every finitely generated group has at most exponential growth. In other words, there is b > 0 such that |B(n)| ≤ b n for all n. Thus the above limit λ(G, S) always exists by Fekete's subadditivity lemma. (4) The condition λ(G, S) > 1 implies that λ(G, S ′ ) > 1 for any other symmetric generating set S ′ . However, inf S λ(G, S) could be equal to 1.
Proposition 5.7. Let G be a finitely generated group with a fixed generating set S. Proof. We only consider the case (1) since the proof for (2) is essentially the same. Put C(n) := {g ∈ G : |g| = n}, the n-sphere, c n := |C(n)| and b n := |B(n)|. Then we have 
Recall that
b n ∼ n k0 , n ≥ 0 and by the mean value theorem we have 1 (n + 1) 2α − 1 (n + 2) 2α ∼ 2α (n + 1) 2α+1 , n ≥ 0.
Then a standard summability criterion gives us the conclusion we wanted.
Theorem 5.8. Let G be one of Z n , a Coxeter group or a hyperbolic group, and w t and W α are the functions from Example 2 with the canonical generating set S.
(1) Suppose G is of polynomial growth of order k 0 . The algebra A Wα (G) is completely representable as an operator algebra if and only if α > k0 2 . (2) Suppose that G is exponential growing with the growth rate λ. The algebra A wt (G) is completely representable as an operator algebra if t > log λ 2 and A wt (G) is not completely representable as an operator algebra if t < log λ 2 . Remark 5.9.
(1) The above theorem tells us that the complete representability of A w (G) can precisely detect the growth rate of the underlying group when it is polynomially growing or exponentially growing.
(2) We excluded the case of exponentially growing deformation measures in Section 4.2 since the dual of compact connected Lie groups are always of polynomial growth ( [20] ).
